“FAILURE IS NOT AN OPTION BUT A PREVAILING ATTITUDE”

S.6 MATHEMATICS SEMINAR QUESTIONS 2011 G.H.S
JULY 9th 2011 PAPER 425/1
Algebra
2 2
1. Solve for X : (1_X)2 = (1—a)2
2—X 2—a

1-2x+x* 1-2a+a’
2 - x? 2-a’

(1—2x+XZXZ—a2)=(1—2a+a2X2—x2)
2—a% —4x+2a’x+2x? —a*x?* =2 —4a+2a® — x* + 2ax® —a*x?
4(x —a)-3(x? —a?)+ 2ax(x—a)=0 factorise by grouping

(x—a)4—3(x +a)+2ax]=0

Either x=a Or 4-3x—-3a+2ax=0
So, x= 3a—4
2a -3
2. Given that the first three terms in the expansion in ascending powers of x of (1-8x"* are

1+ ax
1+ bx

the same as the first three terms in the expansion of[ J find the values of aand b.

Hence, find an approximation to (0.6)" in the form %

1 11-3
84 = 1+2(— = = 22(—8x)
L-8x)"* = 1+=(-8x) 7 (—8x)* +...

= 1-2x—6x% —...
1+ ax
= (L+ax)iL—bx+b?x? +..
1+bx ( ){1 }
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= 1+ (a—b)x+ (b* —ab)x® +...
Since the first three terms of the expansion are the same.
a-b=-2,b*-ab=-6
Hence b=-3 and a=-5

1-5x

Thus; (1-8x)"* ~
1-3x

Substituting X = 0.05, we have

1-025 0.75

(1-0.4)"* ~ =
1-0.15 0.85

hence (0.6)¥* ~ 1%7

=a+—+— +— +—+—, use the binomial expansion and
X X° X

determine the values of a, b, c,d. By taking x =100, find the approximate value of

-4
Givenx>2and(x+2j b ¢ d
X

%
(?10) correct to 4 decimal places.
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When X =100
(100 2)‘% (102j% [51)%
100 100 50

. 450 % 9 x50 % 50 el 1(51 %
So, to estimate (Hj = ( j :3( j = _( j

51 51 3050

sty _, 1.3 5
100 ' 20000 2000000
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%
(51) g L, 3 5,

—_ — _+_ —_
50 100 20000 2000000

1980295

=———Xx3=2.9704425 =~ 2.9704 correct to 4 d.p.
2000000

5. Prove by induction that 8" —7n + 6 is divisible by 7 for all n>1.
leta,=8" -7n+6
Forn=1 a =8-7+6=7,divisible by 7.
Forn=2, a =64-14+6 =56, divisible by 7.
For n=k, a, =8 —-7k+6,
Whenn=k+1, a,,,=8""-7(k+1)+6
Thus @, ,, —a, =81 = 7(k +1)+ 6 — (8 — 7k + 6)
=8.8-8-7k +7k—-7+6-6

=78 7= 7(8k —1) which is still divisible by 8. Thus if its true for
n=12,...,k,k+1,then 8" —7n+ 6 is divisible by 7 forall n>1.

6.  Find the values of A for which 10x* + 4x +1= 21x(2 — x)has equal roots.
10X% +4x+1=4Ix—2Ax* < (10+2)x* +(4—4A)x+1=0
For equal roots: b? —4ac=0,so (4—44)* —4(10+21)=0
164° —404—-24=0 & 242-51-3=0
(1-3)(24+1) =0 f A=34=-1

ALT; Let therootsbe o & &

—(4-441) A-1 ) 1
a=———= where a = and a” =
10+ 24 A+5 10+ 24
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2
So, A-1 = 1 ,toget 21 —=51-3=0
2(1+5)

A+5
A=3A=-1
7. Given that z + 2i is a factor of z* +2z° + 7z° + 8z + 12, solve the equation

z2* +22° +72° +82+12=0.
If Z+ 2i is a factor, then, Z — 2i, thus the quadratic factoris z° + 4

22 +22+3

By long division, 2% + 4\/24 +22° + 72 +82 +12

7'+ 47°
Thus, (z* +4)(z% +22+3) =0

,_—2:-8

Z=1=2i,
2

The roots are 2i, —2i, —1+i\/§, “1-iv2

NOTE: Candidate should differentiate between a root and a factor.

4
8. If z=cos@ +isind, solve the equation zé =i.

4
- 4 -3 -
Tosolve 272 =i,wehave 2" =i° =—i

z* =cosirz+isinir
=C0S— 37 +isin—37
=C0S—17 —isiniz

z:(cos—%7r+isin—%7z)%1

By De moivres thorem,
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7 cos(z +42k”J - isin(z +42k”J for k=012 3

When k=0, z, =cosZ—isinZ =0.9239 —0.3827i

k=1 z,=cos3 —isin% = —0.3827 —0.9239i
k=2, zy=cos —isin¥ = —0.9239 + 0.3827i

k=3, z,=cos¥ —isint¥ = 0.3827 + 0.9239i

ANALYSIS

a
1. Evaluate: IOZ xzwlia2 —x? idx

a a 2
22 2 _ 2 _ (242 / 2|4 X X Gind-dx — aci
J.O X 1/ia X idx JO X° |a [1 aszX Let " sin@:dx=asin@d d@

X=asiné

a x=0, =0
- LZa.(asina)ZW/il—sinzei.asianH i gz
-2 6
= a“jfsin2 @cos? 0 do sin 26 = 2sin & cos &
a* oz, ., 1
= —Iﬁsln 20 d6 sin® 20 = =(1 - cos 40)
4 Jo 2
at =
— ___ 16 _
- [¢ (- cos40)de
ir x
-2 t9—lsin4¢9}6
8 | 4 0
4
= a_ [z_lsmz_ﬂ.j -0
8|\ 6 3
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_a'(z 3
816 8
_a‘fz V3
16{ 3 4

2. Using the substitution

. ) . d
) y=e" +1,find J‘ﬁ
dx
dy =e* d
= y-eo
dy :é E C
Iy2(>/— )’ ol vy-0-y vy (y-1)

Thus 1= Ay(y —1) + B(y —1) + Cy?

Solving: A=-1 B=-1 C=1

dy -1 1 1
————=|—dy+ |—=dy + | —=dy
Iyz(y—l) Iy jyz I(y—l)
1
:—Iny+§+ln(y—1)+c

-1 1
=In—+—+c¢

y y
e* 1
=In + +C
e*+1 e*+1
. Lo 5§ dx
1)) t=tan3Xx, find the value of I _
0 3+5c0s X
z 1— 2
J.ZL cosx=—tz,t=tan%x, dt = 1sec? 1 xdx
0 3+5c0SX 1+t
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§ (L+t?) 2t X=%, t=1
0 —t?) 1+t° =0, t=0
3+5(l tzj X

1+t
Illzdt ot 1ZEA+B
04—t A-t2 24t 2-t

ijl I N P

adol 241 2-1

1 2+t] _1 1

SnER ) = 2[in3- In1]=1n3
t), 4 4

dx
2 =2
COoS“ X + 4sin“ X

i) t=tanx find |

t =tanx, dt=sec? xdx

J- dx B I sec’® xdx
cos? x + 4sin? x 1+ 4tan® x

B Iseczx dt
1+ 4t? sec?x

oot
_Il+4t2

= ltan‘1 2t + ¢
2

= %tan1 2(tanx)+c

. . e
V) t=e” to find _[ ———dx
e" +e
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Find the equation of a curve whose gradient is given by xe*™¥ and passes through the

3.
point (0, In2).
dy = xe™*~Y), separating the variables: i.e ﬂ _ X
dx dx e’
u=x, g« =e”
Jeydy :J xe*dx let
Q=1 v=e
ce¥ =xe* —JeX dx
el =xe"-e*+C, x=0, y=1In2
Thus; "> =0e° —e° +C, C=3
sef=xe" —e* +3, thus y = In(xeX —e* +3)
6. Solve the differential equations:
. dy >
i) 2y(x+1)d—:4+y , given that y =2 when x =3.
X
Separating the variables,
2 d
-2 gy =&
4+y X+1
In(4+y?)=In(x+1)+ Ink y=2 when x=3
INB=1Ind +1Ink, In2=1Ink, k=2
In4+y2)=1In2(x +1) thus, (4+y?)=2(x+1)
To get y =/2(x 1)
. , ay : Vs
1)) y cos xd—:tanx+2, given that y =2 when X:Z
X
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tanx + 2

Pyoy= oo o

|y dy = | tanx sec® x dx + 2| sec” x dx, but d(tanx)=sec? x dx

y? tan®x

2

+2tanx+c

given that y =2 when X = %

2:£+2+Cthus,c:—1
2 2

y? tan’x

2

+2tanx—1,
2

Thus y* =tan® x + 4tanx —1

3

X
Sketch the curve Y = 2
7 9-x

clearly stating the asymptotes.

Intercepts: when y =0, x=0 so, (0, 0), thus curve crosses the axes at origin.
Vertical asymptotes: 9 — X? =0, so vertical asymptotesat X =—3, X =3

To find the slant asymptotes: we perform long division:

-y
-0 Y0 0340
(" 9x)

9x
9x We get y:—X+9—2,thusas X—>to00, Y —>—X,sotheline y=—X
— X

is the slant asymptote.
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d
For the turning points, we have d—y =0,
X
dy  3x2(9— x?)— x®.— 2x

o~ o]

27x% =3x* +2x* =0
X2(27—X2)=0these occur when Xx=0, Xzi\/ﬁ,

x=0,y=0, x=33,y=—7.794, x=—33, y=7.794

i.e curve has a local minimum at (—5.196 , 7.794) and a local maximum at (5.196 , —7.794) and

a negative point of inflexion at (O, 0)

3 2
8. Given that y = In(x* + 2x + 3), show that ay X* +2Xx+3)+(4x+4 M+2ﬂ:0,
dx® dx® dx

hence, find Maclaurin’s expansion of y showing the first four non-zero terms and

approximate In3.21 correct to four decimal places.
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dy 2X + 2
—In(x* +2x+3) L=—_22T%
y ( ) dx x®+2x+3

(x2 +2x+3)Y = 2x 1 2
dx

2

+2x+3)9Y 4 2x+ 20D Zo
2
dx dx

d’y d*y d’y _dy
(x2+2x+3)d7+(2x+2)d7+(2x+2)dx2+2&:0
3 2
S ‘;Xg’(xz+2x+3)+(4x+4)%+2%=0
Let f(x)=1In(x* +2x +3)
f(0) = In3 ~1.0986
2
f1(0)==
0)=3
2—-2x2 2
£(0)= 3 =2
0)=——=73
_ 2 _ 2 _ 2
fr()=2o2X5m2xm2xs 20
3 7

:In3+—x+?——x +...

For In3.21 take x=0.1

2
In3.21 ~ In3+ 2y 0.1+ 0.1" 10 0.13
3 81
= 1.16627
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~ 1.1663 correctto 4 d.p.

The volume V of a cone is given by V = %ﬂfzh . If the volume increases by %ﬂcm3 /min and

height increases by 0.03 cm/min , find the rate of change of the radius when r =10cm and

h=5cm.

1
V :éﬂrzh dependson rand t

dV T zdh v dr
—=_r*"—+=h2r—
dd 3 dt 3 dt
o 27 _ 7 100x0.03+ 2x10x5 %)
3 3 dt
We get 2—3=100£
dt

. ﬂ =-0.01cm/min

Sand falls on to horizontal ground at the rate of 9m? per minute and forms a heap in the shape of

a right circular cone with vertical angle 120°. Show that 20+/3 seconds after sand begins to fall,

1

the rate which the radius of the base of the pile is increasing is 7 m.min "~
7z-3
Vg, v=lam
dt 3
T tan60° = h:Lzﬁr
h J3 3
Ly A A
' 3 V3 33
dr_dv dr _gdr
dt dt dv dv

E&OE
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dar 3 av  ar?
dr J3
PR

dt

and since % =9, then V =9t

Tr 9% 203 20v3 3V3
= = thus =0X——x——
3V3 60 60 1«
I O 9‘/_ L = e m.min
n” a3 n’
=
GEOMETRY
1. Prove that if two circles C, : x* + y® +2gx+2fy +c =0and

C, : x* +y? +2Gx+ 2Fy + C = 0 are orthogonal then 29G +2fF =c+C.
For orthogonal circles, d* =r,” +r,°

For C,:x* +y*+2gx+2fy+c=0,

(x+g)P +(y+f)P=g?*+f2—cthus C(-g, —f) r®=g?+f2—

For C, :x* +y* +2Gx+2Fy +C =0,

(x+GY +(y+F)=G?+F?-C thus C,(-G, —-F), r,”, =G* +F?-C

So, substitute in d® =r,° +r,”

92+ f2—c+G*+F*-C=(-g+G) +(-f +F)

g?+f?-c+G*+F?-C=9*-29G+G* + f? -2fF + F?

Then 2gG +2fF =c+C. as required.
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2. Find the equation of the line through the origin and concurrent with 2x —5y =3 and

X —-4y=-2.

Let 2Xx -5y -3+ 2,(3x -4y + 2) =0, where A is a constant to be found.

But x=0, y=0

=-3+21=0, A=

N | w

2
or —
3
= 2x-5y-3+3(3x-4y+2)=0
4x -10y —-6+9x—-12y +6=0
13x —22y =0 or 22y -13x=0
ALT. Let 2x—-5y=3, 3x—-4y=-2, solving simultaneously,

We get X=—g, y=—E

7 7

Grad of line 7 _=2

OR Let 2x -5y —3=A(3x — 4y +2)
Put x=0, y=0

= -3=24, ﬂ:—gor 2

3
2x —5y —3=—3(3x -4y + 2)
22y —13x =0

3. PN, the perpendicular from P(3, 4) to the line 2x+3y =1 is produced to Q such that NQ =

PN. Find the coordinates of Q.
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Gradient of PQ = g (perpendicular to 2x+ 3y =1)

Equation of PQis: y—4=3(x-3) ie 3x—-2y-1.

Solving this simultaneously with 2X +3y =1, we obtain coordinates of N, (l% , 1—13) .

+3 p+4
Let the coordinates of Q be (&, /), the coordinates of the midpoint of PQi.e N are [az , '62 J
a+3 5
Thus; =— givinga=-23
> 13 B8 13
p+4

1
5 :E giving f =-31

Coordinates of Q are (—23,-3%).

4. ABCD is a square; A is the point (0, —2) and C is the point (5, 1), AC being the
diagonal. Find the equations of the lines AB and BC.
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AD & AB make angles of 45° with diagonal AC.

So, the gradient of AC = 1; (_02) g, so if m, & m, are the gradients of

m, -2 .
L5 where m, =4 andso m, =—% since AD & AB

1+Zm,

AD & AB, then, tan45=

are perpendicular.

Equation of AD is; yL§=4, y=4x-2
X_

Equation of AB is; LS:—%, 4y + x+8=0
X

Trigonometry

tan A—-3tan3A tanA—-3cot A
1. Prove that. =
cot A—3cot3A cot A—3tanA

3(3tan A— tan® A)

tan A — 3tan3A ~ 1-3tan?A
From L.H.S =
cot A — 3cot 3A 3(cot® A—3cot A
cot A— 3
3cot" A-1
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tan A—3tan® A—9tan A+ 3tan® A
1-3tan® A

3cot® A—3cot® A—cot A+ 9cot A
3cot>’ A-1

—8tanA 3cot’A-1
1-3tan>? A~ 8cotA

tanA—3cot A
= —————— astheR.HS
cot A—3tan A
2. Prove that in a triangle ABC,
atb-c_ taniAtanB
a+b+c

R.H.S tan%Atan%B:\/(S_b)(S_C) X\/(S—a)(s—c)

s(s—a) s(s—h)

i \/(s—a)(s—b)(s—c)z
\ s’(s-a)(s—h)

a+b+c
2 C

a+b+c
2

a+b-c
= — as L.H.S
a+b+c

ALT: From L.h.S.

a+b-c_2R(sinA+sinB-sinC)

a+b+c 2R(sinA+sinB +sinC)

_ 2sin} Acos} A+ 2cos®;)sin 2¢) 005 2C = cos(90 — 4) =sinL A
2sini Acos ! A+ 2sin®:% cos B2C) sin 22 = cos(90 — £ =cos 1 A)
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sin1 Acos A+sin %sin@
sin1 Acos . A+ cos 4 cos ®°

sin%A(cos% A+sin LZC)
- 1 1 B-C
cos$ Alsini A+ cos ;¢

. i B+C : B-C
smEA(sm 5 +smT)

1 B+C B-C
cos 3 Alcos 21C + cos £5°)

a1 - B C
_ Sinj A(Zsm 70057)
1 B c
cosEA(Zcos7cosj)

= tan Atan3B as required.

i) sin® A+sin®B +sin®C =2+ 2cos Acos BcosC
From the L.H.S

sin® A+sin”? B +sin°C %(1— COS2A) + %(1—00328)+sin2 C

1—%(cosZA—cosZB)+ (L-cos’C)

2 —%(ZCOS(A + B)cos(A—B))—cos?’C :cos(A+B)=—-cosC

2 —(~cosCcos(A—B))—cos®C

2 + cos C(cos(A—B)—cosC)

= 2+ cosC(cos(A+ B)+ cos(A- B))
= 2+ 2cos AcosBcosC

3. Given that in a triangle MNB ,tan A= antan% M, wheren, b & mare sides of the triangle

n-b

MNB , show that m=(n—b)sec AcosiM .

tan A=n—+btan%M :
n-b

n+b) sin®iM (n+b)* sin*iM

tanzA:( . , sec’ A —1= .
(n—b)* cos*iM (n—b)* cos’iM
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(n—b)? cos® M (sec® A—1)=(n+b)*siniM

(n—bY*cos? sMsec? A=(n+b)(L—cos?iM )+ (n—b) cos? i M
(n—b)*cos®1Msec’ A=(n+b)* — (n+b)*cos’1M +(n—b)* cos* 1 M
(n—b)’ cos® LM sec’ A= (n+b)2+c032%M((n+b)2—(n—b)2)
(n—b)’cos? 1M sec? A=(n+b)* —4nb cos? 1M, cos’IM =1(1+cosM )

(n—b)* cos? 1M sec? A=n? + 2nb + b? — 2nb cosM — 2bn
(n—b)*cos® LM sec? A=n? +b? — 2nb cosM
(n—b)’ cos® L M sec’ A=m?

Thus m=(n—b)sec AcosiM

VECTORS

1. A and B are points whose position vectors area = 2i +5k, b =1+ 3] + k respectively, and
the equations of the line L are *— 3_Y ; 2_222 Determine

) the equation of the plane 7 which contains A and is perpendicular to L, and verify that B

lies in the plane 7= .
Equation of the plane is of the form r .n=d or ax+by+cz=d
Vector normal to the plane is the direction vector of the line N=2i+2j + Kk
Thus a.n=d is (2i +0j +5k).(2i + 2j +k) .d=9
Equation of the planeiis I . (2i +2]+ k): Qor2x+2y+2z=9

For the point B, d = (i + 3] + k). (2i + 2j + k) =9, thus since B satisfies the equation of the
plane, then it lies there.

i) the angle between the plane 7 above and the line r=3i + j — 3k +t (i — 2j — 4k).

Let @ be the angle between the plane and the line, thus the angle between the normal to the

plane and the lineis givenby n.d = |n| |d| sin@
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Thus n.d =(2i +2j +k).(i—2j —4k)=—6
n=J4+4+1=/9=3
d|=1+4+16 =421

sing=_—9 ___2
W21 V21
2. Find the point of intersection of the lines x:y—+l:2—_5 and X_1= y+3 = -4
2 -1 -1 -3 1
LetXZyTHZZ—_f:L =>X=4, y=241-1 z=-1+5

x-1 y+3 z-4
-1 -3 1

Let =pu=>X=—u+1 y=-3u-3, z=u+4

Solve to obtain #=-4, 1=5, check to see that they do intersect,
Hence the pointis (5,9,0).
b) Prove that the vectors a=3i+ j—4k, b=5I—-3]—2k and c =4i— j—3k are coplanar.

For coplanar vectors a,b,c, a=Ab+tc, where A &t are scalars.

3 5 4 51 +4t=3
So,| 1 |=4 -3|+t -1|,thus -31—-t=1 solvingtogett=2, 1=-1
-4 -2 -3 —21-3t=-4

Check using equation (i) LH.S=2+-6=-4 =R.H.S

Since the value of 4 &t are consistent, then the vectors are coplanar.
C) The vector equation of a line is given by r =17i+2j—6k + A(-91+3j +9k) . Find:
)] A vector parallel to this line.

Note: Parallel lines have the same direction ratios.
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“FAILURE IS NOT AN OPTION BUT A PREVAILING ATTITUDE”

-9:3:9=-3:1:3, so either —3i + j+ 3k or 3i— j—3k are parallel to the line.

1)) State one point through which the line passes.
(17,2,-6)
: . . . . . ox-1 y+2 z
3i) Find the perpendicular distance of the point (3,0,1) from the line =3 -1 1
AP =0P -0A
31+1 3 31-2
={41-2|—-|0|=|41-2
124 1 122 -1
AP is perpendicular to d =3i +4]j + 12k, thus, AP.d =0
31+1) (3 5
42-21|.| 4 |=0, 94 -6+161-8+1441-12=0, ﬂzﬁ
124 12
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“FAILURE IS NOT AN OPTION BUT A PREVAILING ATTITUDE”

5-2) (-1
AP =|&-2|=| -2 |, the perpendicular distance
24 _1 u
1 1
2 2 2
d =|AP|= _20 + _18 + 1 = 2.23607
13 13 13
. . : y—-2 z-3
1)) Find the angle between the line X_l:T:T and the plane 3x+2y+z=1.

d=1+0j+3k, 3x+2y+z=1; n=3i+2j+k
Let 6 be the angle between the line and plane is given by n.d =|n||d|sin&

n.d=@i+2j+k).(i+0j+3k)=6
n| =12 +3% =410, [d|=/3% +2% +1? =14

sin@ = 0 =30.47°

6 6
J10414 Y140

i) Determine in dot product form the equation of a plane containing the point (31,2) and the
line x—1-Y=2_2-3
0 3

PQ=Bi+j+2k)-(i+2j+3k)=i—j—k

Let the normal have direction ratios a:b:c

n.PQ=0,thus, (ai+bj+ck).(i—j-k)=a-b-c=0

Also, n.d =0, (ai +bj+ck).(i+0j+3k)=a+3c=0

So, a=-3c, b=—-4c,thusa:b:c=-3c:—-4c:c=-3:-4:1

-3 1 -3 -3
Equationis r.| —4 (=2 |.| -4 | thusr.|—4|=-8
1 3 1 1
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TRY:

“FAILURE IS NOT AN OPTION BUT A PREVAILING ATTITUDE”

The points A and B have coordinates (2, 1 1) and (0, 5, 3) respectively. Find the equation of the line

AB in parametric form. If Cis the point (5, -4, 2), find the coordinates of the point D on AB such that
CD is perpendicular to AB.

Determine the equation of the plane through the points A(L, 1, 2), B(2, —1, 3)and
C(-1 2, -2).

b) A line through the point D(-13, 1, 2) and parallel to the vector 12i +6j+3Kk meets
the plane in (a) at point E. Find:
i) the coordinates of E.
i) The angle between the line and the plane.
z,+2,=8

Solve the simultaneous equations: . .
4z, -3iz, =26 +8i
(3+9i)9(1+ i)3

(=1-1)

Use De’Moivres theorem to find the modulus and argument of

Prove that in a triangle ABC,

i) acosec: A=(b+c)seci(B-C),find Cif a=5.3 b+c=11.8andA = 46°

ii) cos 2 = s(s—2)
2 bc

a=10.6,b=11.8,Andc=15.6

“"Wl,mwmm.m“

, find the largest angle and area of the triangle in which
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